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Koza’s Algorithm 
•  Step 1 
•  Choose a set of possible functions and 

terminals for the program. 
•  You don’t know ahead of time which functions 

and terminals will be needed. 
•  User needs to make intelligent choices for 

best GP performance. 
•  For planetary orbital problem we guessed that 

the function set is {+, -, *, /, sqrt) and the 
terminal set is A. (If you add more functions 
and terminals, the problem takes longer to 
compute a good answer.)    handout 11-18-11 
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Step 2 
 

•  Generate an initial population of random 
trees (programs) using the set of possible 
functions and terminals. 

•  Random trees must be syntactically correct 
programs—the number of branches extending 
from each function node must equal the 
number of arguments taken by that function.  
(Three such random trees are given in Fig. 
2.2.) 

•  Notice randomly generated programs can be 
of different sizes (i.e. can have different 
numbers of nodes and levels in the trees.) 
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Repeated Slide: Three possible solutions to the relationship 
between P and A 



4 

Koza’s Algorithm (continued) 

•  Step 3 
•  Calculate the fitness of each program in 

the population by running it for a set of 
“fitness cases” (a set of inputs for which 
the correct output is known). 

•  Fig. 2.2 gives the fitness for the three 
random programs generated. 

•  The difference in  fitness among members of 
the population are basis for “natural 
selection” 
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Step 4 

•  Apply selection, crossover, and (perhaps) 
mutation to the population of random 
program to form a new population. 

•  Recommended that 10% of trees in population 
(chosen probabilistically in proportion to 
fitness) are copied without modification into 
the new population ( How related to elitism?) 

•  The remaining 90% of the new population is 
formed by crossovers between the parents 
selected (in proportion to fitness) from the 
current population. 

•  Fig. 2.3 shows an example of crossover. 
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Crossover 
•  Crossover allows the size of a program to 

increase or decrease.  (In cross over, all 
information from the cross over point to the 
terminal is incorporated into the crossover.) 

•  Mutation can be performed by choosing a 
random point in a tree and replacing the 
subtree beneath that point by a randomly 
generated subtree. 

•  Koza typically does not use a mutation 
operator. 

•  Step 3 and 4 are repeated until a stopping 
criterion is satisfied. 
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Repeated Slide: Crossover in Genetic Programming 

Crossover Point 

Parents 

Offspring 
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                                                •  Best Solution   
Obtained Earlier 
for the 
Relationship 
between P and A: 

P= (A3)1/2 = 

SQRT(*A(*AA)))  (Lisp) 
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Was the GP solution of   
P = sqrt(A3) Correct? 

 

•  Kepler’s Third Law says P2 = cA3 based on 
physics and mathematics. 

•  And units can be selected so that c = 1 so 
•   P = sqrt(A3) 
•  The Genetic Program found this as the best 

solution after some generations. 
•  So does that mean we don’t need theoretical 

thinkers? 
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Symbolic Regression 
•  Genetic Programming can be applied to many 

types of problems. 
 

•  One of these areas is what Koza called 
“symbolic regression” (e.g. the orbital 
Problem). 

•   
You are familiar with the idea of regression in 
statistics. 
For example, if you speak of linear regression, 
you want to compute the coefficients a, b, c, 
…, z such that 
Y = a x + b x2 + …+ z xn 
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•  For nonlinear regression, the expressions on 
the right side of the equation can be sums of 
nonlinear terms like polynomials, but you 
assume that you know the form of the 
equation in regression and that you are looking 
only for the coefficient values.  (Some of the 
coefficients might be zero, thereby dropping 
some terms.) 

•   
So nonlinear regression does not include some 
types of regression equations that could be 
included in symbolic regression 

•  For example  f(x)= sin(x)/(cos(x) +12x +x2  
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Genetic Programming: Symbolic 
Regression 

•  The difference with symbolic regression with  
genetic programming is that the  

Mathematical form as well as the coefficients 
are selected by the algorithm  

since your decision variable (which we will call an 
“S-expression”) is composed of different 
algebraic expressions (e.g. including terms like  
x/y, cos x, or exp(x-y/z)).  

 What possible advantage might that 
approach have? 
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GP Symbolic Regression  Selects the 
Form as well as coefficients 

•  In symbolic regression, you are trying 
to find the form of the equation as well 
as the coefficients.  This is a much 
harder problem. 

•  This is data to function regression.  It 
can be done in general for 
multidimensional input and output. 

•  Genetic Programming can be used to 
solve symbolic regression problems 
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Symbolic Regression Problem 

•  For this first example we will take a one 
dimensional example so  x and y are 
scalars.   

•  Assume we are given 20 pairs of data  
 ( xk, yk ) k=1,…,20.   

 
We want to find a function f such that 

 Y = f(x) + error with |error| less than .01 
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First Steps 
•  In general we do not know the mathematical 

expression for f. 
•  However, in this example we are going to use 

20 pairs of data (xk ,yk ) where the value of yk  
has been generated from 
Yk  = (xk )4 + (xk )3+  (xk )2 +  (xk ) + 1 

•  Hence the best expression for f is this 4th 
order polynomial (but the GP user does not 
know this.)   

•  We will see if the genetic programming 
approach will discover that this is the best 
form for f. (The GP does not know before it 
starts calculating that a 4th order polynomial 
is the form of f(x) = Y.) 



Fitness in Symbolic Regression Example 

•  Fitness is calculated by comparing the 
value of the true function y(x) to the 
population member sk(x) at twenty 
points {xj}  between 0 and 1 .  So fitness 
is  
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Generation 0 two 
examples of individual 
“programs”=functions 
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Best of Generation from Generation 
0 
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Results for Best of generation 
individual from generation 0 

T= s(x). You compute fitness by adding all the numbers in 4th row (but there 
would be 20 values not just the 5 values shown here) 
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Best of Generation 2  

 
•  X4 + 1.5x3 + 0.5x2 + x 

•  Raw fitness is 2.57 (improved from 4.47 
in generation 1 best individual) 

•  Notice that we have coefficients. How 
were they generated given that we only 
started with coefficients of 1?  
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Fitness Curves for the simple symbolic regression problem 

Usually we only plot the bottom line, which looks flat because of 
the scale. The bad solutions are REALLY bad. 
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Best Solution 
from Generation 

34 What does this 
equal???  Are 
there unnecessary 
terms? 



Video of Applications  
•  Econometrics—forecasting prices as a 

function of gross national product and 
money supply.  Fit equation to the past 
and then look at its ability to forecast. 
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Best method for the problem 
•  If you know that the best function is a 

polynomial, would genetic programming 
be the best method to solve this 
problem? 

•  Why or Why not? 
•  When would you recommend using 

Genetic Programming for Symbolic 
Regression? 
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