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Comparison of Algorithms 

• In your project you will be comparing the 

performance of 3 algorithms. 

 

• This lecture will discuss methods for 

comparisons between algorithms.  
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Comments on Test Problems 

 

• If the problem parameters are randomly 

generated, the procedure for doing this should 

be explained. 

• Just because an algorithm works well on TSP 

doesn‘t mean it will work well on a different type 

of problem (i.e. finite element systems) 

• To show that an algorithm is generalizable, you 

need to demonstrate its capability on a wide 

range of types of problems. 
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How to Characterize Details of Accuracy 

and Speed Results? 

 

• How long does it take to find the best solution? 

• How long does the algorithm run before it stops (―total 
run time‖)?   

• How long does it take to get within x% of the best 
solution? 

 

• (Which measurement would you use [best solution or 
stopping time] to compare algorithms?) 

• (Note: some heuristics have no standard termination 
criteria so it is important (and ethical) to have a pre-
determined rule for stopping for each algorithm before 
the comparison calculations are done.  One method is to 
simply decide in advance the maximum number of 
Cost(S) evaluations that will be made for all tests. 

• Figure 1 
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Comparison of Algorithms 

• Multiple algorithms are applicable to many 

optimization problems.  

• In order to decide which algorithms are most 

effective for a particular class of problems, 

prospective algorithms are tested on a 

representative instance of the problem.  

• Rigorous use of statistical procedures can help 

the modeler/optimization expert objectively 

evaluate the performance of each algorithm and 

make a decision in choosing an algorithm.  



Comparison Methods 
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Algorithm Comparison Procedures 

• All the comparison procedures discussed below 

assume that multiple trials of each algorithm 

have been applied on the  same problem.   

• For each trial the random numbers generated 

and/or the initial conditions vary.  



Making Multiple Runs of Algorithms 

to do Comparisons 
• When we compare algorithms are basic goal is to 

understand how accurate is  optimal solution likely to be 

given the number of COST(S) function evaluations if the 

user does one run of the optimization. 

 

• Multiple runs of the optimization are done for stochastic 

algorithms when doing comparisons  

 

• The purpose of the multiple runs is to assess statistically 

which stochastic methods work better . 

 

• Most users will only run the algorithm once because they 

want an answer without many evaluations.        
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Visual comparison of mean and variance as 

a function of objective function evaluations 

• This is the simplest possible comparison that 

one can perform.  

• Means of several performance criteria may be 

compared. These include: 

– The average objective value after a fixed 

number of cost function evaluations   

– The plot of  the best objective function value 

against  the number of cost function 

evaluations (or CPU time).  
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Convergence Comparison of Binary GA and 

Real GA (Beijing Groundwater Problem) 

Need to 

do many 

trials to 

get 

credible 

results

— 

Why? 

THE AVERAGE 

IS COMPUTED 

FOR EACH 

NUMBER OF 

FUNCTION 

EVALUATIONS 

BY AVERAGING 

OVER ALL 

TRIALS 
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Plot of Effect of  Number of Function Evaluations on 

AVERAGE Objective Function for Each Algorithm 

 

Why is this a good plot ? 
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Variability of Performance 

• The variability in the solutions as indicated by 

the objective function value is also an important 

aspect.  

• An algorithm with less variability is usually 

preferable over an algorithm with a high 

variability if the means are the same.  Why? 
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How do we visualize variability? 

 

• 1. Give objective function (y axis), and display all 

points in result for each algorithm for a fixed 

amount of CPU time. 

•   

• The next  graph is objective function values for 

three algorithms after a fixed number of iteration 

with three trials so all data is displayed. (There 

were three trials for each trial) 
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Plot of all solutions 
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(Alternate) Visualization of Variability 

• Box Plot- next slide shows the statistical 

representation of the objective function values 

given a fixed number of iterations:  

• The middle (red) line is the median , the 

outside of the box is the Quartiles (25 

percentiles) , the short horizontal bar is  the 

edge of the box +/- 1.5 fs, where fs is the 

length of the (blue) box  . The dashed line plus 

the horizontal bar are called the ―whisker‖  
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Boxplot comparing best objective value (CNS) 

produced by the algorithms in each trial over 10 trials 

ours

average

outlier



16 

Boxplot 

• The name of the Matlab function is BOXPLOT.  

•  Note that if there are no points that are beyond 

box edge plus 1.5 fs  the ―whiskers‖ just extend 

to the most extreme point (which explains why 

some of the whiskers are not symmetric top and 

bottom).   

• The red crosses are ―outliers‖ because they are 

outside the whiskers. 
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• Both of the plots above are for a fixed number of 

evaluations (or a fixed CPU time).   

• How would you display variability over 

increasing numbers of objective function 

evaluations? 
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Empirical CDF plots 

• The cummulative distribution function (CDF) is 

 F(Z)= Probability [x< Z}, where x is a random 

variable. (What does this look like?) 

• Empirical CDF plots can be constructed from 

probabilistic weights assigned to ordered 

statistics.  

•  These plots determine if one algorithm 

stochastically dominates another  
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Plotting an Empirical CDF  

(for a fixed number of evaluations) 

• Assume you do n trials of the algorithm A.  Let X 

measure the performance (e.g. let X be the value of the 

best objective function at the end of the trial). 

• After doing n trials, we then have   a sample X(1,A), 

X(2,A), …, X(I,A),..., X(n,A), where you have ordered the 

numbering so that  X(1,A)< X(2, A)<…< X(n,A), 

• We compute the Weibull‘s plotting position: p(i,A) 

=i/(n+1). This is an estimate of the fraction of samples 

that have a best solution that is equal to or less than X(i) 

 

• For each algorithm A, plot the points  (X(i,A) , p(i,A))  
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Empirical CDF function (test problem 

different from Fig. 1) 
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• The CDF plots above include a number of 

different algorithms applied to  bioremediation 

groundwater problem (from a paper with a 

PhDstudent).  

• (This particular example is a relatively convex 

optimization problem which is why Fmincon 

does well.)   

• BIGA and RGA are binary GA and real GA, 

respectively .  
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• Which plots indicate a better performance?  

Why? 

• What can you say about lines that do not 

intersect?  

• What if they do  intersect ? 
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CDF’s and Stochastic Dominance 

For a minimization problem (as was the case above) a good algorithm is 

expected to be nearly vertical i.e., have a high probability of producing a 

low objective function value.  

These plots also indicate the spread of solutions. For example, in the 

figure above greedy search (GS) does well 7 times out of 10 

(~CDF~0.7) however it also produced 3 bad solutions (possibly due to 

local convergence) 

 

What do you think that the term “stochastically dominates” means? 
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Stochastic Dominance in The Graph 

 

In the graph, do any of the algorithms 

stochastically dominate any of the others?  Which 

ones? 

 

It can also be seen that FMINCON is the best 

algorithm (all the way to the left and nearly 

vertical) and dominates all other algorithm since it 

does not overlap with any other empirical CDF.  

 



Statistical Background 

• As stated in the course description, students with no 

prior statistical background will need to do some reading 

in very basic  (and very practical) statistics. 

• A reading on basic  statistics is available on Blackboard 

for our course. 

• The following slides will review basic probability and 

statistics. 

– This is a review for students with prior background. 

– This is an introduction for students with no prior 

background and they will need to read the additional 

material. 

25 
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Statistical Tests (Hypothesis testing) 

 

• Hypothesis tests are a formal statistical way of making 

a decision about data that exhibit variability. 

•  In our case, the performance criterion ( the best 

Objective Function or the number of iterations required 

by an algorithm to reach a pre-specified low value) is 

usually variable between trials and between 

algorithms.  

• The following assumptions are usually made in 

applying statistical tests: 

– The random variables (the performance criterion) 

are all identically distributed with the same shape 

and spread . 

– The random samples obtained from each trial of the 

algorithm are independent 
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Random Variables 

Introduction To Random Variables 

• A random variable X(s) is a real-valued function 

which assigns a real number X(s) = x to every 

sample point  s  S 

 

• In our examples the random variable can be : 

– The best objective function found in a trial 

– The number of objective function evaluations 

to come within some percentage of the 

optimal value 
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Basic Terms in Probability 

• Experiment: a procedure that generates a 

sample point x in the sample space according 

to some probabilistic law.  

 

• Examples:  

1. Experiment rolling a die once.  

2. Experiment counting the number of students in a 

single row, 5 minutes after class starts. 

 

 

Introduction to Probability 
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Basic Terms in Probability 

• Event, E : a subset of  – any collection of outcomes of an  

•   experiment  

 

• Examples:  

1. Experiment rolling a die once:   

1. Event   A = ‗score < 4‘ = {1, 2, 3} 

2. Event   B = ‗score is even‘ = {2, 4, 6} 

3. Event   C = ‗score = 5‘ = {5}  

2. Experiment counting the number of students in a  

•  single row with 12 seats per row:  

• Event   A = ‗all seats are taken‘ = {12} 

• Event   B = ‗no seats are taken‘ =  {0}  

• Event   C = ‗< than 6 seats are taken‘ = {0, 1, 2, 3, 4, 5}  

Introduction to Probability 
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Probabilistic Independence 

• Independence: A and B are independent if  one 
event A occurring has no impact on the 
probability that another event B will or will not 
occur.  

•  If events A and B are independent then the 
probability they both occur is the product of the 
probability that each occurs:  
 

• P (A ∩ B ) = P (A) P (B) 
 

Probability Axioms & Properties 



Probabilistic Independence 

(continued) 
• Example:  (Let Hi be event that you get head in 

ith flip) 

 

1. The probability of flipping a fair coin and getting 
heads twice in sequence with independent 
tosses is:  

• P (H1 ∩ H2 ) = P (H1) P (H2) = (0.5)(0.5) = 0.25 

 

• 2. The probability of flipping a fair coin and 
getting heads three times in sequence with 
independent tosses is: 

• P (H1 ∩ H2 ∩ H3 ) = P (H1 ∩ H2 ) P (H3) = 
(0.25)(0.5) = 0.125 
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PDF of Normal Distribution 

Normal pdf's with µ = 3 and various σ
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Describing Continuous RV’s 

Random Variables 
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•Expected value of a random variable: 

•mean = 

 

•More generally for any function h(X), one can compute its 
expected value equal to its average value in a large 
number of trials as: 

 

 

 

•Useful property of expectations:    

 

• E [ a + b X ]  =  a + b E [X]  

  ( )E X s f s ds



  

  ( ) ( )E h X h s f s ds



   

Describing the Average 

Random Variables 
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Describing Variability 

• Assume one set of best objective functions 

(samples) is:  {1,4,8,3,7,1} 

• And a second set is: {3,4,5,3,4,5} 

 

• Both sets have a mean of 4. 

 

• Which set of samples is more variable? How do 

we measure variability? 
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• Mean, E[X]: Measure of central tendency; center of 
mass. 

• Variance:  Measure of dispersion, variability, 
uncertainty, or imprecision =  Var[ X ]  =  s2  

 

 

• Another definition:  s   =  Standard Deviation  

 

• Computation of the Variance (a useful ―shortcut‖ 
formula):  

•  s2  =  E{ [X – ]2 } =  E{ X2 } –  2  

 
22 2(   )  ( )  E X s 礷 s dss 





    
  

Describing Variability 

Random Variables 
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Hypothesis Testing 

Hypothesis Testing: Introduction 

•  How to make a decision with data that 

exhibit variability. 

 

• Examples 

– We have a robot that is supposed to pick up 

an object and move it to a spot 12 meters 

away. 

– We have done some trials and distances 

vary from trial to trial. 

– In the trials the placement is only 11 meters 

away on average. 
Start 3/8/06 
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Dear Abby, 

 

 I’m a summer engineering 

intern.  I think the robots are 

performing inadequately 

because the mean distance  is 

11.  My boss thinks I’m wrong 

and that the difference is just 

variability. 

Who’s Right?? 



39 

• The distances in different trials can come from two possible distributions: 

 

•  Target, or Null Hypothesis: X ~ N[12.0, 1] 

•  Alternative Hypothesis: X ~ N[11.0, 1] 
 

• Or, we may say that X ~ N[, s2] where either 

•  State #1, H0:   = 12 

•  State #2, Ha:   = 11 
 

 

 

 

 

•   

11 12 

f(x|Ha) f(x|H0) 

Note:  f(x|A)  means the probability of x occurring if A is true 

Hypothesis Testing 

Hypothesis Testing: Example 
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x

0 xf (x | H )dx n(c 12) /1


    
 

x

a xf (x | H )dx 1 n(c 11) /1


     
 

Hypothesis Testing 

Hypothesis Testing: Example 

• Run n trials and then decide which is true. 

 

•  Accept H0:   = 12 if      > cx 

•  Accept Ha:   = 11 if       cx  (This is the rejection 
region for H0) 

 

• cx = critical x-value for test, a cut-off value chosen with 
the aim of making      both a and b unlikely.  

Type I error:  

 a = P[Reject H0 | H0 true]  
 

 

Type II error:  

b = P[Accept H0 | H0 false]  



41 

a 1 - b Accept Ha 

1 - a b 
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Type I error:  

 a = P[Reject H0 | H0 true]  

 

Type II error:  

 b = P[Accept H0 | H0 false]  

 

Type I & II Errors 

Hypothesis Testing 
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• Formal testing procedure 
 

• Test statistic:   appropriate when s is unknown 
 
 

•  T is dimensionless and allows many problems to be formulated in 
a common framework. 
 

• If Ho is true, then Tn-1 ~ (Student) t-distribution with v= n-1 
 

• Choice of Hypothesis 
 

• "Statistical tests are predisposed to accept Ho.  A test is only effective if  
• one collects sufficient data to reject the null hypothesis.― 

 
•  Upon which hypothesis should the burden of proof be placed? 

1
/




n

X
T

S n



Hypothesis Testing: Details 

Hypothesis Testing 
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• Decision Rules 

• The null hypothesis is  Ho:   = o  

 

• The test statistic value is   

 

• We construct a rejection region such that the Type I error probability is  

• controlled to a desired level, i.e., we select an a. 
 
 
 
 
 
 
 
 
 
 

• If Ha is true, then the type II error b can be computed using the type I error  
 a, the degrees of freedom n, and the standardized distance 

If the alternative hypothesis 

is: 

Then the rejection region  

for a level a test is: 

Ha =   > 0 t   ta,n 

Ha =   < 0 t   ta,n 

Ha =    0 | t |  ta/2,n 

o
o

x
n(x ) / s

s / n

 
   t

Hypothesis Testing: Details (1 of 2) 

Hypothesis Testing 


